Abstract. We show that the Calabi-Yau dimension of the stable module category of a selfinjective algebra of finite representation type is determined by the action of the Nakayama and suspension functors on objects. Our arguments are based on recent results of C. Amiot, and hence apply more generally to triangulated categories having only finitely many indecomposable objects.
very subtle problem to deal with morphisms, i.e. to prove that there really is an equivalence of functors; see for instance [2] or [5, sec. 3.6] where such questions arise.
The following lemma is our main result. The proof to be given below relies on some recent powerful results of C. Amiot [1] . Lemma 1. Let A be a selfinjective k-algebra of finite representation type which is basic and standard. Let Θ be the Auslander-Reiten (AR) quiver of stab A.
The Calabi-Yau dimension of stab A is the smallest integer d ≥ 0 such that S and Σ d have the same action on the vertices of Θ, or ∞ if no d exists.
In fact, this is the special case T = stab A of the following lemma which we will prove. In the lemma, note that the Serre functor S exists by [1, thm. 1.1.1].
Lemma 2. Let T be a k-linear triangulated category with split idempotents and finite dimensional Hom spaces, which has only finitely many isomorphism classes of indecomposable objects, and is of algebraic origin, connected, and standard. Let Θ be the AR quiver of T.
The Calabi-Yau dimension of T is the smallest integer d ≥ 0 such that S and Σ d have the same action on the vertices of Θ, or ∞ if no d exists.
To prove this, we first need another lemma which says that certain autoequivalences of derived categories can be "rigidified". Let Q be a Dynkin quiver of type A, D, or E. The path algebra kQ has the derived category D f (kQ) of bounded complexes of finite dimensional modules. The AR quiver Γ of D f (kQ) is ZQ by [8, cor. 4.5] .
By [8, 4.6] , we can choose a set G 0 of representatives of the isomorphism classes of indecomposable objects of D f (kQ), and a set G 1 of irreducible morphisms between them such that the morphisms in G 1 satisfy the mesh relations and such that (G 0 , G 1 ) realizes Γ. The G i permit us to construct an equivalence of categories between ind D f (kQ), the full subcategory of indecomposable objects, and the mesh category k(Γ), and by additive extension between D f (kQ) and add k(Γ).
An endofunctor M of D f (kQ) is said to have the AR property if, for each AR triangle
there is an AR triangle [1, 5.3] . For instance, a triangulated autoequivalence clearly has the AR property.
Let us now show the following rigidification lemma.
which has the AR property is equivalent to an autoequivalence N which sends objects in G 0 to objects in G 0 and morphisms in G 1 to morphisms in G 1 .
Proof. The functor M induces an automorphism of the AR quiver Γ. Let N be the k-linear autoequivalence of add k(Γ) induced by this automorphism. Transfer
Since N is transferred to D f (kQ) via an equivalence constructed from the system (G 0 , G 1 ), it follows that N on D f (kQ) sends G 0 to G 0 and
Also, N is induced by an automorphism of the translation quiver Γ, so it clearly has the AR property. The same follows for N −1 .
But now M • N −1 fixes indecomposable objects up to isomorphism, so its restriction to prj(kQ), the subcategory of projective stalk complexes of D f (kQ), can be viewed as an autoequivalence of prj(kQ). As such, it fixes the indecomposable objects, and consequently, it is equivalent to the identity by [13, By [1, thm. 7.0.5] and its proof, when T is given, we can pick the Dynkin quiver Q such that there is a triangulated autoequivalence Φ of D f (kQ) and an equivalence of triangulated categories D f (kQ)/Φ ≃ T, where D f (kQ)/Φ is the orbit category of Φ, see [12] .
Replacing Φ by an equivalent functor will not change its nature of triangulated autoequivalence. Specifically, let us use Lemma 3 to replace Φ by an equivalent functor which sends G 0 to G 0 and Since T is standard, it is clear that if two functors agree on T 0 and on T 1 , then they are equal. Since Σ T and S T , and more generally any power Σ d T , preserve T 0 and T 1 , all that is needed for Σ d T and S T to be equal is that they have the same action on the AR quiver Θ.
Finally, observe that it is enough for Σ d T and S T to have the same action on the vertices of Θ. Namely, Θ is Γ modulo the action of Φ by [4, prop. 1.3] , so Θ is ZQ modulo an admissible group of automorphisms. Hence Θ has the overall shape of either a wreath or a Möbius band, and if two automorphisms have the same action on the vertices then they have the same action on the arrows, as one can see, for instance, by starting with a vertex on the edge of the band.
